The purpose of this paper is to introduce a new method for the determination of the values of the first-order Biochemical Oxygen Demand (BOD) model coefficients (k and L).Cubic spline interpolation and MATLAB were used for that purpose after the experimental and theoretical BOD values were made dimensionless. Experimental BOD values taken from the literature are made dimensionless by dividing them by experimental BOD1 through BOD5. Theoretical BOD values are made dimensionless by dividing them by the theoretical BOD1 through BOD5 for different theoretical k values. Experimental dimensionless BOD values are connected smoothly using cubic spline method. Using MATLAB, the closest theoretical dimensionless BOD curve to the cubic spline curve is selected and used for the determination of k and L. The closest curve is the one that has the same area under it as to that under the cubic spline curve with the areas that lie between the two curves being the smallest. The new method has proved to give more accurate values after it has been compared with a number of other methods used for that purpose.The new method produced the smallest error and the highest coefficient of determination than the other methods used. The newly introduced method is expected to replace all other methods, as these methods give different values for k and L depending on the method used.
INTRODUCTION
The Biochemical Oxygen Demand (BOD) test and its first-order model equation are still the most widely used to determine the organic content of wastewater (Ramalho, 1977; Steel and McGhee, 1991; Cutrera et al., 1999; Bassa and Chetty, 2002; Metcalf and Eddy, 2004; Singh, 2004; Siwiec et al., 2011) . The BOD firstorder model is shown in Equation (1).
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where: BOD = amount of oxygen consumed (or BOD exerted) at time t (mg/l). t = time elapsed since the start of the test (day). L = ultimate BOD or BOD u (mg/l). k = reaction constant (1/day).
As the ultimate BOD (L or BOD u ) and k in Equation (1) are unknown for a certain wastewater, a number of methods have been used to predict their values based on BOD measurements for the first five to six days.
A number of linearization techniques have been used for that purpose. These methods include the Reed-Theriault least square method, the method of moments, Thomas method, the log-difference method, the slope method, the daily difference method, the rapid ratio method and the graphical method (Leduc et al., 1988) . A number of non-linear methods (Marquardt, 1963; Constable and McBean, 1977a; Constable and McBean, 1977b; Barnwell, 1981) and stochastic models (Leuduc et al., 1986; Leduc et al., 1988) have also been used.
The following is a summary of the most widely used methods for that purpose; namely, Thomas method (Thomas, 1950) , least square method and Fujimoto method (Marquardt, 1963; Cutrera et al., 1999; Bassa and Chetty, 2002; Metcalf and Eddy, 2004; Zainudin et al., 2010) . In addition, a newly introduced method is also discussed. The method is based on the geometric series and logarithm series expansion of the BOD first-order model (Ammary and Al-Samrraie, 2014) .
Least Square Method:
In the least square method, the values of L and k for 5 days can be calculated as follows (Ammary and Al-Samrraie, 2014) using the data for the first five days and the data for the sixth day:
where: Y = BOD t . Y' = (Y n+1 -Y n-1 ) / 2Δt. Δt = Time between measurements, in this case 1.0 day. Ammary and Al-Samrraie (2014) investigated the capability of the least square method (and the capability of other methods as mentioned below) in order to estimate the theoretical BOD first-order equation (not its ability to predict experimental data). They found that as the theoretical value of k increases, the least square method overestimates k by 1% to 6% for the theoretical values of k of 0.2 to 0.6/day, respectively. No error is introduced in estimating the ultimate BOD value.
Thomas Method: In this method, (t /BOD)
1/3 as ordinate and t as abscissa (t is the time in days) are plotted and fitted to a straight line (Thomas, 1950) . The parameters are then estimated using the slope (b) and the intercept (a) of this line as follows:
where: L = ultimate BOD. k 10 = reaction constant to the base 10. Ammary and Al-Samrraie (2014) have also shown that as the theoretical value of k increases, Thomas method underestimates the value of k by 1% to 9% for the theoretical values of k of 0.2 to 0.6/day, respectively. Thomas method also overestimates the value of L by 1% to 6% for the theoretical values of k of 0.2 to 0.6/day, respectively.
Fujimoto Method:
In the Fujimoto method (Fujimoto, 1961) , BOD values at time t+1 on the ordinate and BOD values at time t on the abscissa (t is time in days) are plotted and fitted to a straight line. The intersection of this straight line with a line of slope = 1 is an estimate of the ultimate BOD (L). The k value can then be determined using any measured BOD value and the corresponding time. Fujimoto method is essentially a graphical method, however, the ultimate BOD (L) can be found from the slope (b) and the Y intercept (a) of the arithmetic plot as follows (Ammary and Al-Samrraie, 2014) :
Ammary and Al-Samrraie (2014) have found that the estimates of k and L by Fujimoto method are exactly the same as the theoretical values. In reality, this method, however, introduces error in estimating the k value as it has to be found after applying the firstorder model to any point where both BOD and t are known, which produces five different k values.
Ammary and Al-Samrraie (2014) Method: In this method (Ammary and Al-Samrraie, 2014) , different equations are proposed for different k values, as shown in Table 1 .
The values of k and L are evaluated using this method by first drawing1/BOD versus 1/t in days. Using any equation in Table 1 , the value of L is calculated from the Y intercept of the resulting line. The value of k is then calculated from the slope of the resulting line using the same equation and the value of L just calculated. Depending on the new k value calculated, a new appropriate equation in Table 1 is then used. From the new equation in Table 1 , a different L value (from the same Y intercept) and then k value (from the same slope) are calculated. After a few trials, the values of k and L are determined. For other values of k, the Y intercept and slope can be calculated using interpolation. More details on the derivation and use of this method can be found elsewhere (Ammary and Al-Samrraie, 2014 
The Dimensionless Approach
The dimensionless approach is based on dividing the experimental BOD 1 through BOD 5 by one of the experimental values of BOD 1 , BOD 2 , BOD 3 , BOD 4 or BOD 5 , thus making them dimensionless. These experimental dimensionless BOD values (along with the value (0.0, 0.0) for day 0.0) are then connected smoothly using cubic spline method (Shikin and Pils, 1995; Knott, 1999) . The area below the cubic spline, consisting of five cubic polynomial functions connected smoothly at the point of intersection, is calculated. This area is then compared to the theoretical dimensionless curves of the BOD first-order model equation ( The areas below these curves are compared to the area below the dimensionless experimental BOD values. The theoretical dimensionless curve that has similar area below it as to the area below the experimental dimensionless curve obtained using cubic spline method is used to calculate the value of k and then L (see Figure 5 ). An example of how the theoretical dimensionless curves are calculated is shown below for the case when k = 0.2 / day when the theoretical values are divided by BOD 5 :
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The value of BOD 1 /BOD 5 would thus be equal to 0.2868, while the value of BOD 3 /BOD 5 would be equal to 0.7138. When the theoretical dimensionless curves are drawn, the curves are drawn for continuous values of time and the corresponding dimensionless values of BOD/BOD 5 , not just at days 1, 2, 3, 4 and 5. This produces the true smooth first-order curve that starts from (0.0, 0.0) at day 0.0 and ends at (5.0, 1.0) at day 5.0.
Once the value of k is determined from the theoretical curve that has the same area below it as that of the experimental dimensionless points connected smoothly using cubic spline method, the ultimate BOD can then be determined. For example, the values of BOD u /BOD 5 or L/BOD 5 can be calculated using Equation (9) for the same k value mentioned above (0.2/day) as:
The value of L is then calculated by multiplying the value of experimental BOD 5 by the theoretical value of L/BOD 5 , as shown in Equation (10) For example, if the dimensionless approach is based on BOD 1 and assuming that the k value is equal to 0.2/day as was assumed above in Equations 7-10, then the value of BOD 3 /BOD 1 would be equal to 2.4887 and the value of BOD 5 /BOD 1 would be equal to 3.4865. The value of BOD u /BOD 1 or L/BOD 1 can also be calculated using Equation (11) for the same conditions to be equal to:
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In the present paper, the theoretical values of BOD/BOD 1 through BOD/BOD 5 for continuous k values (from 0 up to 0.7) were calculated using MATLAB (Hahn and Valentine, 2007; McMahon, 2007) . Only a limited number of k values are shown in this paper for reasons of clarity and for demonstration purposes.
Application of the Dimensionless Curves Based on BOD 1 -BOD 5 on Experimental BOD Data
As the experimental values of the BOD 1 through BOD 5 are measured, the dimensionless values of these experimental BOD data are calculated. Five different dimensionless sets are calculated. The first one is obtained by dividing each experimental value by the experimental BOD 1 value. The second dimensionless set is obtained by dividing the same experimental data by BOD 2 . Similarly, the third through fifth dimensionless sets are obtained by dividing the same experimental data by BOD 3 through BOD 5 values, respectively. For each of these five dimensionless sets, a cubic spline curve is drawn. Each of these five curves is then drawn on the corresponding five theoretical dimensionless curves drawn using MATLAB for different k values. The k value of the closest theoretical dimensionless curve to the experimental cubic spline curve is then used to calculate k and L of the experimental data. The closest curve is the curve that has the same area below it as the cubic spline curve. In addition, the closest curve is that one that has minimum area between the cubic spline curve and the theoretical curve, as will be shown below. The cubic spline curve and the area under it, in addition to the areas under the theoretical dimensionless BOD curves and the areas between these two curves were found using a MATLAB code written for that purpose.
In the cubic spline method, a cubic polynomial function connects every two measured adjacent dimensionless BOD values. Every two adjacent points are connected by a different cubic polynomial function. The different cubic polynomial functions should pass through each measured dimensionless BOD value and be continuous in first and second derivatives at the interior dimensionless BOD values (De Boor, 1978 
where a, b, c and d are the coefficients of the third order polynomial functions. To evaluate these coefficients, equations for the interior points or nodes and for the two boundary conditions should be written. For the boundary conditions, it was assumed here that the second derivative at the endpoints is equal to that at the points immediately adjacent to them. This method is called Parabolic Runout Spline (Knott, 1999; Gerald and Wheatley, 2004) . This type of boundary condition results in a parabolic curve at the endpoint. It is assumed that this type is more appropriate than the many other types of boundary conditions usually used in cubic spline interpolation. A MATLAB code has been developed to solve the matrix that results for the interior nodes and the two boundary conditions. MATLAB is a very powerful tool for many engineering applications that include matrices, as the case here is.
The cubic spline method draws a smooth curve that passes through each of the dimensionless experimental data. For the case when BOD 5 is used as a basis to convert the experimental data to dimensionless data (in other words when all experimental values are divided by BOD 5 ), the cubic spline curve starts from day zero on the time axis, and thus the start coordinates are (0.0, 0.0), and the end coordinates are (5.0, 1.0). For the case when BOD 3 is used as a basis to convert the experimental data to dimensionless data (in other words when all experimental values are divided by BOD 3 ), the cubic spline curve starts from day zero on the time axis, and thus the start coordinates are (0.0, 0.0). The cubic spline curve passes through the coordinates (3.0, 1.0) and ends at the coordinates (5.0, BOD 5 /BOD 3 ). This smooth cubic spline curve is actually a number of cubic polynomial curves that connect smoothly at the point of intersection.
The MATLAB code developed here performs the following tasks:
1-The code starts by calculating the first set of the dimensionless experimental BOD values by dividing the experimental BOD 1 through BOD 6 values by the experimental BOD 1 value. The second set of dimensionless experimental BOD values are also calculated by dividing the same experimental values by the experimental BOD 2 value. The third, fourth and fifth sets of dimensionless experimental BOD values are calculated by dividing the experimental BOD values by BOD 3 , BOD 4 and BOD 5 , respectively. The sixth day BOD (i.e., BOD 6 /BOD 1-5 ) is used to ensure that when cubic spline curves are drawn, the value of cubic spline curve before day 5 does not go above the maximum theoretical value (for the case based on BOD 5 , does not go above 1.0 just before day 5). In addition, the use of BOD 6 value minimizes the effect of the boundary conditions on the cubic spline curves. For example, dimensionless BOD values based on BOD 5 (i.e., when experimental BOD values are divided by BOD 5 ), cubic spline curves for high k values could theoretically go above 1.0 just before the fifth day if cubic splines are drawn for only the 5 days' values of BOD. Therefore, the value of BOD 6 was used in drawing all the cubic spline curves between 0.0 and 5.0 days. It should be noted that only the area below these curves (between 0.0 and 5.0 days) was calculated and drawn (see below). Table 2 shows BOD values taken from the literature for the first six days and Table 3 shows an example on how to apply the dimensionless method based on BOD 1 through BOD 5 on Data No. 1 of Table 2 . 2-For each of the five sets of dimensionless experimental data (as shown in Table 3 , for example), the code then determines the cubic polynomial functions that connect each of the dimensionless experimental data. For the five sets of dimensionless experimental data, five cubic polynomial curves are determined. Each of these curves consists of five different cubic polynomial functions connected smoothly at the point of intersection. Figure 1 shows Table 3 ).
Five cubic polynomial functions connected smoothly at the points of intersection 3-The code then determines the area below the cubic spline curve between day zero and day five for each set of the dimensionless BOD values (set 1 to set 5 in Table 3) .
4-Then, for each set of experimental dimensionless data, a theoretical dimensionless curve with the same area below it as that with the cubic spline curves is determined. The code selects this curve by trying different values of k and calculating the area below each of these curves. The code then calculates the area below each of these curves and compares it with the area under the cubic spline curve. In reality, the code determines the area under hundreds or thousands of these theoretical dimensionless curves, and the curve with the area under it closest to the area under the cubic spline curve is determined.
5-The k value of this curve that has the area closest to the area below the cubic spline curve is used as a possible value of k of the first-order model equation. As the areas below these two types of curves are equal, this implies that the area that lies below the cubic spline curve and above the theoretical dimensionless curve (area A in Figure 3 ) is equal to the area that lies above the cubic spline curve and below the theoretical dimensionless curve (area B in Figure 3 ).
Figure (3):
Cubic spline curve connecting the dimensionless BOD data based on BOD 1 (set no. 1 in Table 3 ) and the corresponding theoretical curve that has the same area under it, with a k value of 0.259 / day. Area A and area B should be equal in order for the areas below the cubic spline curve and the theoretical dimensionless curve to be equal. Minimum area A (or area B) indicates that the two curves are closest 6-Now, the code has 5 theoretical dimensionless curves each with a different value of k for the 5 sets of experimental dimensionless curves. Figures 4 and 5 show two of these theoretical dimensionless curves based on BOD 3 and BOD 5 , respectively, as well as the corresponding cubic spline curves of the experimental BOD data. Each of these 5 theoretical curves has the same area below it as the corresponding cubic spline curve based on the same BOD denominator. Table (4) is a summary of these 5 theoretical dimensionless curves that have the same area below them as the area below the cubic spline curves for the five dimensionless BOD data sets shown in Table 3 . Table 3 ) and the corresponding theoretical curve that has the same area under it.
Area A and area B should be equal Table 2 above. Again, this data is taken from the literature. Table 6 is a summary of the results obtained by applying the cubic spline method and MATLAB on the dimensionless BOD data sets shown in Table 5 .
For the sets in Table 5 , a cubic spline curve connects each of the dimensionless BOD data sets obtained by dividing the experimental data by BOD 1 through BOD 5 , and the area under each of these curves is calculated using the MATLAB code. The MATLAB code then finds, for each of the cubic spline curves, the corresponding theoretical dimensionless curve that has the same area under it as that under the cubic spline curve. The areas under these curves and the corresponding k values and BOD factors are all shown in Table 6 .
From Table 6 , the curve that has the minimum values of area A (or area B) is the one based on BOD 2 . The corresponding k value is equal to 0.388327/ day and the BOD 2 factor (BOD u /BOD 2 ) is equal to 1.8517. Therefore, the ultimate BOD is equal to: BOD u = (BOD 2 ) (BOD u /BOD 2 ) = (BOD 2 ) (BOD 2 Factor) = (109mg/l) (1.8517) = 201.8mg/l. 
Comparison with Other Methods
The results obtained by the cubic spline method above were compared to those of a number of different methods used for the determination of k and L values of BOD data. These methods were: Least square method, Thomas method, Fujimoto method and Ammary and Al-Samrraie (2014) method. Tables 7 and  8 show a comparison between the results obtained by the new method, for data no. 1 and data no. 2 in Table  2 , and the results obtained by the least square, Thomas and Fujimoto methods, in addition to the method proposed by Ammary and Al-Samrraie (2014) . It should be noted that the value of k obtained from the dimensionless method was used as k value for the first trial in the method proposed byAmmary and AlSamrraie (2014).
STATISTICAL ANALYSIS
In order to study the goodness of fitness of the different methods, a number of BOD data points that represent a truely first-order model were used. An ultimate BOD value (L) of 1000 mg/l and three k values of 0.2, 0.4 and 0.6/day were used. These BOD values for days 1-6 were calculated and are present under the first-order (FO) columns of Table 9 for the three k values. From these first-order values shown in Table 9 , the values of k and L were back calculated using these different methods. Using Equations (2) and (3) above, the k and L values for the least square method were calculated and found to be (k = 0.201334/day and L = 1000 mg/l; k =0.4107/day and L = 1000 mg/l; k= 0.63666/day and L = 1000 mg/l), respectively. For Thomas method, (t /BOD) 1/3 values as ordinate were drawn against t as abscissa and a straight line is obtained. Using equations (4) Figure 6 (a-c). Figure 6 is based on BOD 5 , but the same results were obtained based on BOD 1-4 . In Figure 6 , the experimental dimensionless BOD values (which are theoretical in this case), the theoretical BOD curve and the cubic spline curves produced a complete match, so that only one curve can be observed. The BOD values for days 1-6 were then calculated using the results obtained for k and L for the different methods. The difference between the BOD values for days 1-6 that were used to calculate the k and L values in the first place are then compared to the BOD values for days 1-6 for the new k and L values. As Table 9 shows, there are differences between the predicted values of BOD 1-6 by the different methods. Table 9 does not show Fujimoto results and the cubic spline (dimensionless) method results as both gave exact values as the first-order (FO) values. To assess the goodness of fit of each of these methods, a number of statistical parameters were calculated and compared (Cutrera et al., 1999) . These include the Sum of the Squares of the Errors (err 2 ), the Coefficient of Determination (CD) and the Model Selection Criteria (MSC). Equations 13-15 were used to calculate and compare these values for the different methods (Cutrera et al., 1999) . The results are shown in Table 10 . These results show that the dimensionless method using cubic splines and Fujimoto method produced the best fit to the data. Comparing the other three methods, Table 10 shows that at k = 0.2/day, Thomas method produced better fitness than the other methods, as it had the smallest squared error, the highest CD and the highest MSC. For higher k values (0.4 and 0.6/day), the least square method resulted in better fitness to the data than the other two methods (lower squared error and higher CD and MSC). 
CONCLUSIONS
A new dimensionless method is introduced for the determination of the corresponding coefficients of the first-order BOD equation. A MATLAB code determines the closeness of the cubic spline interpolation of the experimental dimensionless BOD data to the theoretical dimensionless BOD first-order equation. The MATLAB code is capable of determining the k value that best describes the experimental data and calculates the ultimate BOD directly. The method produced the least error and the highest coefficient of determination compared to the other methods studied. The advantages of such method include better visualization, understanding and comparison of experimental data to the BOD first order model.
